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An examination is made of the relative motion and inertial range of 
particles in the region Re < 300 with a drag coefficient of the medium 
that takes inertial terms into account in deceleration of the particles. 

In solving a number  of  theore t i ca l  p rob lems  it is  
n e c e s s a r y  to de te rmine  the ra te  of  acce le ra t ion  of a 
pa r t i c l e  or  liquid drop injected into a gas s t ream,  the 
length of  the acce le ra t ion  sect ion,  the re la t ive  ve loc -  
i ty of the par t i c le  at any point onward f r o m  the point 
of inject ion into the s t r eam,  and also the iner t ia l  range .  

We shall  examine the re la t ive  mot ion of  a pa r t i c le  
in t roduced into a gas s t r e a m  in the reg ion  Re -< 300, 
and to this  end we shal l  make a number  of conven-  
t ional  a s sumpt ions - - tha t  the pa r t i c l e  is spher ica l ,  that  
the fo r ce s  of  hydrodynamic  in te rac t ion  between pa r t i -  
c les  and the fo rce  of  g rav i ty  a r e  negligibly small ,  and 
that  the s t r e a m  flow is un i fo rm and s teady.  

It  is known that  the d rag  coeff ic ient  during acce l -  
e ra ted  mot ion of  a pa r t i c le  is g r e a t e r  than in un i form 
motion,  and, of course ,  sm a l l e r  in dece le ra ted  m o -  
t ion.  

The d rag  fo rce  in nonuniform mot ion of  a spher i -  
cal  pa r t i c l e  in the reg ion  Re < 1 m a y  be de te rmined  
f r o m  the equation [1] 

1 .a  d v  
Fd=3~l  dT0 -k -~-r ,  a [',, - ~ -  q- 

t 

+ 0.75 da V,--~,ol ~ d..._~v dx 
dt g t - - x  

0 

(1) 

The f i r s t  t e r m  on the r igh t  of  (1) takes  account  of  
the r e s i s t a n c e  of the medium at constant  r e l a t ive  ve -  
loc i ty  ( instantaneous ve loc i ty  at a given instant),  while 
the second e x p r e s s e s  the d rag  fo rce  due to the p a r t i -  
c le  d ragg ing  behind it some  volume of the v i scous  m e -  
d ium (for a spher ica l  pa r t i c le  the apparent  addit ional 
m a s s  is equal to ha l f  the volume of  the med ium dis-  
p laced by the par t ic le) ,  The iner t ia l  fo rce  of  the addi-  
t ional  m a s s  mus t  be o v e r c o m e  by the pa r t i c l e  in i ts  
mot ion .  The th i rd  t e r m  allows for  the fo rce  expended 

�9 in se t t ing the addit ional  m a s s  in mot ion.  This  in tegra l  
t e r m  is usua l ly  neglected,  without giving any bas i s  
for  the s impl i f ica t ion .  

At i n c r e a s e d  va lues  of Reynolds number  the in- 
f luence of the iner t ia l  t e r m s - - t h e  second and th i rd  in 
(1 ) - - inc reases ,  e spec ia l ly  for  nonuniform motion of 
the pa r t i c l e .  The re fo re ,  neglect ing them leads to con-  
s iderab le  e r r o r .  

To pa r t i a l ly  allow for  the iner t ia l  t e r m s  numerous  
e m p i r i c a l  equat ions  have been proposed  desc r ib ing  
the functional  dependence of  the d rag  coeff ic ient  r on 
Re number ,  i . e . ,  ~ = f(Re,  v 0) [3 -8 ] .  

When a par t ic le  (or a liquid drop) is introduced 
into a s t ream,  it is entrained by the s t r e a m  because  
of  the hydrodynamic  force ,  and the re la t ive  veloci ty  
between the par t i c le  and the gas s t r e a m  dec rea se s  
as the par t ic le  a cce l e r a t e s .  

Using exper imenta l  data [8], we shall  express  the 
drag coeff icient  during the dece le ra t ing  change of r e l -  
ative veloci ty  (v 0 ~ 0) by the following express ion  [9]: 

= A + B/Re, (2) 

where  A and B are  constants ,  equal, respec t ive ly ,  to 
0.12 and 37 for  the reg ion  2 < Re -< 300. Values of 
calculated f r o m  (2) agree  sa t i s fac to r i ly  with the ex- 
pe r imenta l  values of [8] in the reg ion  5 < Re -< 300 
(Fig. 1) obtained in dece le ra t ing  re la t ive  motion, i . e . ,  
with al lowance for iner t ia  t e r m s .  

For  m o r e  accura t e  calcula t ions  it is n e c e s s a r y  to 
take the following values of the constants :  a) for the 
r e g i o n l 0 0  < R e ~  300 A = 0 . 0 5 5 a n d  B = 5 0 ,  b) fer 
6 < Re _< 100 0.205 and 37, respec t ive ly ,  and c) for 
0 < R e - < 6  4.45 and 24. 

The change in momen tum for  a par t ic le  injected 
into a s t r e a m  is 

m tiT- (3) 

The par t ic le  ve loc i ty  is 

~ _  dx 
- v - - v 0 .  ( 4 )  

dt g 

The d rag  fo rce  of the medium in the reg ion  Re -< 
- 300 is 

F d = A -+ ~ e  91(vg-- v) I vg--v-]. (5) 

Substituting the values of the force  f r o m  (5) and of 
the coeff icient  f r o m  (2) into (3), we obtain a d i f feren-  
t ial  equation for the par t i c le  motion:  

v, d a d v (  B )  v. d'-' 
6 t ' ' -d/-  = A q- - -~  - ~ - -  ~'L I~,l e. (6) 

Different iat ing (4) with r e s p e c t  to t ime,  we obtain 

d~ _ &,,, (7) 
dt dt ' 

s ince 7g = const .  
Substituting the value of d~/dt  f r o m  (7) into (6), 

and making appropr ia te  t r ans fo rma t ions ,  we wri te  
(6) as  follows: 

v, -~- ~ v0), (8) dt (a =' ' 

where  a = 0 .75 Apl(dp2) -1, fl = 0 .75 B~(d2p2) -1. 
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Multiplying both s ides  of (8) by dx, and making  
appropr i a t e  t r a n s f o r m a t i o n s ,  we obtain 

d x  = - -  d v o ( v ,  - - V o ) / ( ~ v ~  -!-. ~vo). (9) 
In teg ra t ing  (9) in the range  x 1 = 0 (i. e . ,  the point 

of in jec t ion  of the pa r t i c l e  into the s t r eam)  to x 2 = l e, 
and the r e l a t i ve  ve loc i ty  f rom v 0 = Vg to v 0 = Vx, we 
obta in  

Vg 
i dvo(vg--vo) __ 

le = ctv~ -i- }vo 

V X 

=Dvgd2p2I(1 ,; ~gC ) ln -vg+ C _ I n  vg|q , (10) 
v; + C vo J 

where  D = 1.33/B~?; C = Bv(Ad) -1. 
Ana lys i s  of Eq. (10) shows that the acce l e r a t i on  

path length l e of the pa r t i c l e  is  p ropor t iona l  to the 
gas s t r e a m  ve loc i ty  Vg, and to the second power of 
i ts  d i a m e t e r  d and dens i ty  P2, i . e . ,  the s m a l l e r  the 
pa r t i c l e ,  the m o r e  quickly it is  en t ra ined  and the 
s h o r t e r  i ts  e n t r a i n m e n t  path length (Fig. 2). 
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Fig,  1, Dependence of d rag  coeff ic ient  of 
med ium,  r on Re n u m b e r :  1) at cons tan t  
flow ve loc i ty  v 0 = cons tan t  (A--sol id  spheres ,  
B - - f r e e l y  fa l l ing  wa te r  drops) ;  2) e x p e r i -  
men ta l  data at v = 30, 42, and 54 m / s e e  
and T = 27~ for water ,  i sooctane,  and t r i -  
eh lo roe thy lene  (a, e, and f ,  r e spec t ive ly ) ,  
at v = 54 m/see and T = 4 ~ C for water (b), 

at 54 m/see and 27 ~ C for MgO (e), at 30 and 

42 m/see and 27 ~ C for CaSi (d), 54 m/see 

and 3700 C for triehloroethylene (g); 3) with 

= 24/Re (Stokes law). 

As may  be seen  f rom the f igure ,  a pa r t i c l e  with 
d = 10 -6 m, p2 = 2000 k g / m  3 in a m e d i u m  with v i s -  
cos i ty  7? = 1.83 �9 10 -~ N �9 s e c / m  2 is  en t r a ined  by the 

gas s t r e a m  (Vg = 80 m / s e c )  in a length le ~ 10 -3 m.  
P a r t i c l e s  with d = 10 -~ and 10 -4 m under  the s a m e  con-  
d i t ions  a r e  en t r a i ned  in lengths of l e ~ 9 .45 �9 10 -2 and 

6 .05 m, r e spec t ive ly .  N ume r i c a l  va lues  of the acce l -  
e r a t i on  d is tance  ca lcula ted  f rom the equat ion given in  
[5], for pa r t i c l e s  with d = 10 -6, 10 -5, and 10 -4 m in 
s i m i l a r  condi t ions  a re  approx imate ly  8 �9 10 -4, 7 �9 10 -2, 
and 3.08 m, i . e . ,  the higher  the value of Re, the 
g r e a t e r  the e r r o r .  

+ I 

Io-3 
/i2 .7 /0-' I0  ~ d 

Fig. 2. Dependence of par- 
ticle acceleration path length 

/e (m) on d i ame te r  d (m): 1) 
accord ing  to the equat ion giv-  
en in  [5] (with pa r t i a l  a l low-  
ance  for i n e r t i a  t e r m s ) ;  2) 

accord ing  to Eq. (10). 

Separa t ing  the v a r i a b l e s  and in t eg ra t ing  (7) over  
the s ame  range  of va r i a t i on  of r e l a t ive  ve loc i ty  as in 
(10), we obtain 

i, dv~ (vg -!- C) v,. - -  - -  v, In  i , ( 1 1 )  ! 

v x 

where T = 1.33 d2p2(B~) -i. 

The equations obtained, (10) and (11), make it pos- 

sible, by the method of successive approximations, to 

calculate the relative velocity of the particle, Vx, at 
any point from the place of injection onward, and also 

to calculate the time during which the particle is being 

entrained by the gas stream. 
We shall examine the inertial range of a particle 

under the action of an inertia force in the stagnant 

zone ahead of an obstacle in the region Re -< 300. 

When a particle is injected into a stationary me- 

dium, it is slowed down by the drag force. The value 
of the relative velocity between the particle and the 
medium decreases as the particle is decelerated. 

The differential equation for deceleration of a par- 
ticle, allowing for gravity (for ascending and descend- 

ing streams) is as follows: 

�9 

_- . . . .  , , G 6 6 dl Re ] - 8 - -  " t : '  - -  p~,~. (12) 
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M u l t i p l y i n g  both s i d e s  o f  (12) by  dx, and m a k i n g  the  
a p p r o p r i a t e  t r a n s f o r m a t i o n s ,  w e  obta in  

d x  :--- vodvo (13) 
.v~, 1-13v~ I-.~ 

I n t e g r a t i n g  (13) in  the  r a n g e  x = 0 (i. e . ,  the  t i m e  
o f  i n j e c t i o n  of  the  p a r t i c l e  into the  s tagnant  r e g i o n )  
to x = l i ,  and the  r e l a t i v e  v e l o c i t y  f r o m  v 0 to Vx, w e  
obta in  e q u a t i o n s  w h i c h  p e r m i t  an a p p r o x i m a t e  c a l c u -  
l a t i o n  of  the  i n e r t i a l  range :  

a) when  4 a g  - /32 > 0 

S vodvo 
l i ,  1 = a U~ -[-  13 U 0 "3 i- a" 

V v 

I 1 
= ~ 11~ (,, v~, + 13 Vo + g )  - 

13 arctg 2 a V o + 1 3  1 ~~ = 
l/ 4ag--13" V 4a g - 132 I ~'~ 

1 
-- - - -  In A, - -  B1 arctg D1, (14) 

2a 

w h e r e  

~ 9  
av ; -+  13vo + g [5 

C, = 1 ' : ~ [ 5  2 D1 _- 2C, (a v,, + a v,. 4- 13) 
' C~ - -  (2~ Vo + 13) (2~ v~ + 13) ; 

b) w h e n  4 a g  - /32 < 0 

l," =~ = ,_ a g + ~ V o + g  = ~ [ s V o + g ) -  

"x  

_ _ t 3  In 2a vo + 13 - -  1"~ [5 2 -- 4a g" I ~'' = 
2 u l [ 5 2 - - 4 a g  2 a v 0 +  [5@ l , ' [5~--4ctg :'~ 

1___ In Aj - -  B~ In (vo 4- q~) (v~ -4- q~) , (15) 
2a (Vo -1- q~) (vx + q..) 

w h e r e  

B,=~12a2 (q~- -q01 -1 ,  q l , 2 = - - 2 g ( 1 3  : 1/13~--4ag)-1; 

c) w h e n  4 a g  - /32 = 0 

' vodv" = 

v x 

_ _1_1 In At - -  213 v,, - -  vx (16) 
2a (2a vo + [5) (2a v.~ -F 13) ' 

d) when  4 a g  - /9 2 < 0 and (2av  o + /3)2 < (/32 _ 4 a g )  

w h e r e  

Vo 

li 4 =  ~ vodv~ _ 1 lnAj .4_ 
' a ~ _t_ [5 v o + g 2a ' 

v x 

+ 13 arth 2aC2(vo--v~) 
a C 2 C ~2 (2ct vo %- [5) (2a v~ + 13) 

(17) 

Ce = 1/[52 __ 4aZ; 

e) w h e n  4 a g  - /32 < 0 and ( 2 a v  0 + [3) 2 > (/32 - 4 a g )  

vo 

t " v~ 1 In Ai & 
l i  5 ~ 9 

' , av;-l-l~vo+k ~ 2(z 
u x 

+ ~-~ arcth 2c~ C.~ (vo - -  Vx) 
a C. z C~ - -  (2a v o + [5) (2a vx ~ [5) 

(18)  

For  s m a l l  p a r t i c l e s  (d < 10 t~) the  f o r c e  of  g r a v i t y  
m a y  be  n e g l e c t e d ,  and then  (12) t r a n s f o r m s  to 

dx = dvo/(av,, + [5). (19) 

I n t e g r a t i n g  (19) in  the  s a m e  r a n g e  as  (13), we ob-  

ta in  

Oo 

f dvo _ I ~ = [5 l i ,6 : Y1 In _ v ~  , 
�9 av,,-+-[5 k ,~v, :+[5  I' 
U X 

(20) 

w h e r e  3'1 = 1 .33  dP2(APi) - t .  
In the  c a s e  in  which  m d v / d t  = 0, the  p a r t i c l e  a c -  

q u i r e s  a s t e a d y  s e d i m e n t a t i o n  v e l o c i t y  u n d e r  the  ac t ion  

of  g r a v i t y .  

d,t~ 

P a r t i c l e  S e d i m e n t a t i o n  V e l o c i t y  and I n e r t i a l  R a n g e  

0 . 1  
0 5 

2 . O  
5 . 0  

1 0 . 0  
2[) .O 
5(},(I 

100 (} 
2 0 0  t~ 
500.0 

Relaxation 
time r, sec 

3 . 1 . 1 0 - s  
7 . 8 . 1 0  - r  
3 .  I �9 I 0 - ~  
1 . 2 .  ll) -~  
7 . 8 . 1 0  -:, 
3 , 1  �9 10 -~ 
1 . 2 . 1 0  -s 
7 . 8 . 1 0  -'~ 
3 . 1 . 1 0 - "  
6 , 2 . 1 ( )  - ' z  

1 6 . 1 0  '-' 

Sedimentation velocity v s 

cm/sac 

according to according 
the Stokes 
equation to ( 23 )  

3 . 1 0 - - : '  - -  
7 6 . 1 0  - 5  - - 

3 . 1 0  - a  
12.10 - z  
7 6 . 1 0  -'~ - -  

0 . 3  . -  
1.2  1 .0  
7.6 3.0 

3 1 . 0  2() .  0 
6 2 . 0  3 9 . 5  

1 6 0 . 0  118 .0  

Inertial range/i ,  cm 

according to according 
the Stokes 
equation to ( 2 0 )  

3 2 . 1 0  : '  5 . 1 0  r, 
5 5 . 1 0  - a  3 0 . 1 0  - 4  
2 2 . 1 0  -:~ 8 . 1 7 . 1 0  a 
8t .10  a 5.10- ' - '  
5 5 . 1 0  "=' 3 . 3 . 1 [ )  '-' 

2 . 1 7  1 . 2 2  
8 . 4  4 . 5 8  

5 4 . 6  2 .5 ,7  
2 1 7 . [ I  8 0 . 6  
43 ,1 .0  2 1 0 . 7  

5 . t 6 0 . 0  930.0 
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Using the experimental data of [i0, II], we shall 
express the value of the coefficient ~s at constant ve- 
locity in the region 2 < Re -< 300: 

~s = As q- Bs /Re ,  (21) 

where  A s = 0 . 6 0 ;  B s = 3 3 .  
For  more  accu ra t e  ca lcu la t ions  of sed imen ta t ion  

ve loc i ty  in the r eg ion  Re -< 300 (to accu racy  + 0 . 3 -  
0.8%), we mus t  a s s u m e  the following va lues  of the 
cons tan ts :  a) for the r e g i o n  100 < Re -<- 300 A s = 
= 0 . 4 0 2 ,  B s =  70, b) for 10 < Re-< 100 0.89 and 41; 
e) for Re -< 10 2.20 and 24. 

Subst i tu t ing into (12) the value of Cs f rom (21), and 
tak ing  m d v / d t  = 0, then, we obtain the d i f fe rent ia l  
equat ion of mot ion  of the pa r t i c l e  in the reg ion  Re <- 
-< 300, which we shal l  t r a n s f o r m  to the following 
form: 

v~, -F % vo -- [~ = O, (22) 

where  G 1 =Bsv(Asd)  -1, /31 = 0.75 P2dg(AsPl) -1. 
F r o m  (22) we find the s teady sed imenta t ion  ve loc i ty  

of the pa r t i c l e  

~ '~=0 .5( - -% : }'(~ +41~,). (23) 

The va lues  of s teady sed imenta t ion  veloci ty  ca l cu -  
lated from (23) agree satisfactorily with the experi- 
mental data of [I0, ii] in the region 2 < Re -< 300. 

The table gives values of the steady sedimentation 

velocity and inertial range of particles, as calculated 
from (20) and (23). The calculation was performed for 

particles with density P2 = 1000 kg/m 3, v o = 70 m/sec, 
p r e s s u r e  B =  9.81 ~ 104 N / m  2, v i s cos i t y  r? = 1.8 x 
x 10 -s N �9 s e c / m  2. The i n e r t i a l  r ange  of the pa r t i c l e  
was ca lcu la ted  f rom (20) with the value Vx ~ 0~ 

As is  seen  f rom the table ,  va lues  of the steady 
pa r t i c l e  s ed imen ta t i on  ve loc i ty  and i ne r t i a l  range ,  
as ca lcu la ted  f rom the Stokes equation,  a re  cons id -  
e r a b l y  d i f fe rent  f rom those ca icula ted  f rom Eqs.  (20) 
and (23) in the reg ion  Re -< 300~ 

The equat ions  obtained,  (14)-(18) and (20), allow 
d e t e r m i n a t i o n  of the ve loe i ty  of a pa r t i c l e  at any point 
x f r o m  the s t a r t  of in jec t ion .  Thus ,  for example,  
a f ter  app ropr i a t e  t r a n s f o r m a t i o n s  of Eq. (20), we 
find that  the pa r t i c l e  ve loc i ty  v x at d i s tance  li, n f rom 

the point of entry into the stationary medium is 

where A 2 = Bs~(AsG1) -1. 
When li, n = 0, we obta in  v x = v 0. 

NOTATION 

d-particle diameter, m; H-viscosity of medium, N �9 sec/mZ; 
V, V0- absolute and relative particle velocity, m/see; Pl, Pz-density 
of medium and particle, kg/ma; t-time, sec; x-coordinate in the 
direction of motion of the particle and of the stream, m; Vg-gas 
stream velocity, m/see; v x- relative particle velocity at distance x 
from the origin, m/sec; y-viscosity of medium, mS/sec; ~p, ~s-drag 
coefficient of medium during deeeIerating motion and at constant 
sedimentation velocity; le-particle entrainment (acceleration) length, 
m; li-inertial range of particle, m; Vs-Steady particle sedimentation 
velocity, m/sec. 
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